
STOP 



Early Journal Content on JSTOR, Free to Anyone in the World 

This article is one of nearly 500,000 scholarly works digitized and made freely available to everyone in 
the world by JSTOR. 

Known as the Early Journal Content, this set of works include research articles, news, letters, and other 
writings published in more than 200 of the oldest leading academic journals. The works date from the 
mid-seventeenth to the early twentieth centuries. 

We encourage people to read and share the Early Journal Content openly and to tell others that this 
resource exists. People may post this content online or redistribute in any way for non-commercial 
purposes. 

Read more about Early Journal Content at http://about.jstor.org/participate-jstor/individuals/early- 
journal-content . 



JSTOR is a digital library of academic journals, books, and primary source objects. JSTOR helps people 
discover, use, and build upon a wide range of content through a powerful research and teaching 
platform, and preserves this content for future generations. JSTOR is part of ITHAKA, a not-for-profit 
organization that also includes Ithaka S+R and Portico. For more information about JSTOR, please 
contact support@jstor.org. 



The General Transformation Theory of Differential 

Elements.* 

By Edward Kasner. 



The simplest type of differential element is the lineal element of the plane, 
defined by (x,y,y') or (x,y,p). The general element transformation is obtained 
by setting x lf y lf p x equal respectively to three arbitrary functions of x, y, p. 
Contact transformations are those special element transformations which convert 
every union into a union, a union ( Verein) consisting of the » 1 elements of a 
curve or point. The general transformation will usually disrupt a union ; that 
is, the new oo 1 elements will not be united. Our first result is that for an 
arbitrary transformation (not of the contact class) there exist precisely oo 2 unions 
which are preserved, that is, converted into unions. It follows that if a trans- 
formation preserves more than a doubly infinite number of unions, it must be 
a contact transformation. 

We consider next transformations of the direction elements of space 
(x, y, z, y', z'). Here, intermediate between the general case preserving oo i unions, 
and the contact case preserving all unions, we find a type preserving oo °° unions. 
These are solutions of a certain form of Monge equation of the second order 
which is characterized geometrically by a property equivalent to that stated in 
Meusnier's theorem on the curves of a surface. The intermediate type may be 
obtained in explicit form and involves three arbitrary functions. 

The discussion of transformations of surface elements {x,y,z,p,q), taken up 
in Section III, is more complicated. In the most general case no two-dimensional 
unions (surfaces, curves or points) are preserved. In the contact type, of course, 
all unions are preserved. In between we find types preserving a single, double 
or triple infinity, and also a type where the system of unions involves an arbitrary 
function, being defined by a pair of equations in involution. The last type, 

* The main results of this paper were presented before the American Mathematical Society, April 30, 1904. 



392 Kasnee: The General Transformation Theory of 

which is the most interesting as being the nearest to the contact type, depends 
upon three arbitrary functions of five arguments. Among the special results, it 
is shown that if every point and every plane is converted into a union, the 
transformation is necessarily one of contact. It follows, for example, that no 
element transformations beyond those contained in Lie's fifteen-parameter group 
can convert every sphere into a sphere. 

With respect to one-dimensional unions (strips), all transformations not of 
the contact type preserve a family involving two arbitrary functions. 

In Section IV we consider briefly the differential elements of n-th order in 
the plane. Usually, no unions are preserved, but the number may vary in special 
cases from oo 1 to a> n+x . If more than <» n+1 , then all are preserved. 

I. Direction Elements in the Plane. 

The general transformation is of the form 

xj, = X (x, y, p), y x =Y (x, y, p), p 1 — P (x, y, p), (1) 

where the three functions are assumed to be uniform, to possess continuous 
partial derivatives, and to have a non-vanishing Jacobian. 

Consider now two united elements {x, y,p) and (x + dx, y + dy, p + dp), 
so that dy — pdx = Q. The condition that the transformed elements (x lf yi,Pi) 
and (»! + dx u y x + dy 1} p x + dp^), where 

dx! = X x dx + Xydy + X v dp, etc., 

shall also be united is dy x — p x dx x = 0, or 

(T x -PX x )dx + (Y v -PX v )dy + (Y p -PX p )dp = 0, 
which becomes, on replacing dy by pdx, 

\Y x +pY y -P(X x +pX y )}dx+\Y p -PX p \dp = 0. (2) 

If (1) is a contact transformation, all united elements remain united, so that (2) 
is satisfied identically; we then have the familiar necessary and sufficient conditions 

Y x +pY v -P{X x + pX v ) = 0, Y p ~PX p = 0. (3) 

Omitting this case, we may solve (2) for dpjdx, that is cPy/dx 2 or y", and write 

f ^ P(X x +pX y )-(Y x +pY v ) (4) 

Y p — PX P 

Hence if (1) is not a contact transformation, there is for each element a unique 
united element such that the two transformed elements are also united. 
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Our condition (4) is a differential equation of the second order 

y" = « (*, y, y'), (4') 

and therefore defines a family of oo a curves. In the particular case where 
T p — PX P vanishes, (4') takes the form y" = oo and defines the oo 2 points of 
the plane. 

For a general element transformation (1) (not a contact transformation), there 
exists always a doubly infinite system of unions which are alone converted into unions. 
The differential equation of the system is (4). 

As an important corollary, we have : 

If a transformation converts more than oo a unions into unions, the same must be 
true for all unions, and hence it is a contact transformation. 

Consider, as an application, the determination of the group of element 
transformations which convert every circle into a circle. Since the number of 
circles is oo 3 , it follows that the result is merely Lie's ten-parameter group of 
contact transformations. 

On the other hand, the group of element transformations which convert 
straight lines into straight lines is larger than the corresponding group of contact 
transformations. The latter involves two arbitrary functions of two arguments, 
while the former involves an additional arbitrary function of three arguments. 
Since all differential equations of the second order are equivalent under contact 
transformation, a similar remark applies to all doubly infinite systems of curves. 
In case of the oo 2 point unions, the element transformations are obviously 

«i = <p (*, y), 2/1 = 4 (», y), Pi = p («, y, p), 

while the contact transformations are 

«i = <?> (», 2/)> yi = 4>(x,y), Pi= * t f / • 

We note finally that if a transformation converts every point and every 
straight line into a union, it must be of the contact category. 

II. Direction Elements in Space. 

A direction element in space is defined by five coordinates (x, y, z, y', z') ; 
we employ also the notation (x, y, a, j>, q) when more convenient.* The general 

* In the next section p, q will be used in the customary manner to denote partial derivatives of z with 
respect to x and y. 
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transformation is 

a?! = X(x, y,z,p,q), ...., qt = Q (x, y, z, p, q). (5) 

Lie showed that the only transformations of this sort which convert all curves 
(or unions) into curves (or unions) are the extended point transformations. We 
inquire whether the general transformation (5) converts some unions into unions. 

Using the two conditions for a union, 

dy — pdx = 0, dz — qdx — 0, 

and proceeding as in I, we find 

(PX p -Y p )dp + (PX q -Y q )dq = { Y m +pY v +qY.-P{X. + pX v +qX.)\da:,\ . 
(QX p -Y p )dp + (QX q -Y q )dq = \Z x +pZ y +qZ z -Q(X x + pX y +qX z )\dx. J ^ ; 

Omitting the case of extended point transformations, we see that these 
will not both hold identically. Assuming first that the determinant 



P X p — Y p P X q — Y q 



(7) 



QX P — Y p QX q — Y q 
does not vanish, we may solve (6) in the form 

y" = 9 (*, y, z , y', «?), »" = * (», y, *, y', *'), (6') 

and have then a pair of equations defining oo i curves. 

On the other hand, if the above determinant vanishes identically, but the 
equations (6) are not equivalent, it follows that dx must vanish and dp and dq 
are connected by a single relation 

(PX P - Y p ) dp + (PX q - Y q ) dq = 0. (8) 

Thus, for any fixed values of x, y, z, we find q as a function of p and a constant 
of integration. Our unions are then of special type, consisting of elements with 
a common point forming a cone. The total number of these is as before oo i . 

We must consider finally the case where the equations (6) are equivalent to 
each other ; that is, where 

PX P -Y P PX q -Y q Y x +pY y + qY z -P(X x +pX y + qX e ) 
QX p -Y p QX q -Y q Z x +pZ y + qZ z -Q(X x +pX y + qX e ) ' K) 

The single equation to be satisfied is then of the form 

Ey" + Fz" + G = 0, (10) 
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where E, F, G involve only x, y, z, y', z'. Such a Monge equation of the second 
order is satisfied by a family of curves involving an arbitrary function ; in fact, 
upon any surface there will be oo 2 integral curves. It is easily shown from the 
linear form of (10) that the integral curves have the Meusnier property; namely, 
the osculating circles of those curves of the family which pass through a given 
point in a given direction generate a sphere. Conversely, (10) represents the 
most general family for which this is true.* 

The case where conditions (9) hold thus leads to a type of element trans- 
formation intermediate between the completely arbitrary type and the contact 
type. Our result may be stated as follows : 

All transformations (5) of the direction elements of space may be classified with 
respect to the number of unions preserved into these types: 

Typel°. Extended point transformations. All unions preserved. 

Type 2°. Transformations fulfilling conditions (9), but not extended point 
transformations. The family of unions preserved involves an arbitrary function: 
It is defined by a Monge equation of the second order of the form (10), characterized 
by the possession of the Meusnier property. 

Type 3°. Transformations not fulfilling conditions (9). The number of unions 
preserved is oo i . 

The last is, of course, the general case, involving five arbitrary functions of 
three arguments. Type 1 ° involves three arbitrary functions of three arguments. 
The intermediate type 2° involves three arbitrary functions of five arguments : 
we may in fact take the functions X, T, Z at random and still satisfy conditions 
(9), the functions P and Q being then in general f uniquely determined. 

III. Surface Elements of Space. 

A surface element {x, y, z, p, q) consists of a point (a-, y, z) and an incident 
plane, the direction cosines of the normal being proportional to p : q : — 1. The 
condition for united elements is 

dz = p dx + q dy. 

* Cf. the author's note "The Inverse of Meusnier's Theorem," Bull. Amer. Math. Soc, Vol. XIV (1908), 
pp. 461-465. 

t Unless certain determinants vanish. 



396 Kasnek: The General Transformation Theory of 

In connection with a surface z=f(x, y), we employ the usual notation p =f x , 
V=fv, r=f xx , s=/ xy , t=f m , so that 

dp = r dx + s dy, dq = sdx + t dy. 
Applying now the general element transformation 

x i = X { x , y,z,p,q), ■••-, qi=Q {x, y, z,p, q), (11) 

we have, as the condition that the transformed elements form a union, 

dz 1 =p 1 dx 1 + q 1 dy, 
or 

adx + fidy + ydz + hdp + sdq = 0, (12) 

where 

a = Z x -PX x -QT x , (3 = Z y -PX v -QY v , y = Z-PX,-QY Z , 1 

Substituting the values of dz, dp, and dq given above, and equating the 
coefficients of dx and dy in the result to zero, we find the fundamental pair of 
equations 

Ar+Bs + C=0, As + Bt + D = 0, (13) 

where the coefficients are 

A = S, B = e, Cz=a+pr, D = (3 + qr, (13') 

and thus involve only x, y, z,p, q. 

If our element transformation (ll) converts any surfaces into unions, such 
surfaces must satisfy the pair of equations (13). 

In the case of contact transformations the equations become identities : the 
familiar conditions for a contact transformation are in fact 

A = B=G=D = 0. (14) 

We exclude this case from the remaining discussion. 

A pair of partial differential equations of the second order involving one 
function of two independent variables will in general be inconsistent. In special 
cases there may be a finite number of solutions ; a solution involving one, two, 
three or four arbitrary constants; or finally, when the equations are in involution, 
the solution may involve an infinity of constants, that is, an arbitrary function. 

Applying the general theory to our pair (13), we differentiate each of the 
equations with respect to x and to y, and form with the coefficients of the four 
resulting equations, which are linear in the partial derivatives of third order, 
the following matrix : 
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where, for example, 
dA 

dx 



= A x + pA z + rAp + sA, 



i> 



dA 

dy 



dy dy 



= A y + qA 2 + sA p + tA q . (15') 



The condition for involution is that all the determinants of fourth order in 
the above matrix shall vanish in virtue of (13). Only two independent relations 
are found, namely 

OD(A t -B,)-BC(A,+qA,-D,-) + AD(B m +pB.-O t ) + AB(O,-D. + qC M -pD,) = 0,} 

(AC + BD-)(A-B p )-B*(A y + qA z -D p ) + A\B x +pB-C t ) I (16) 

+ AB(B y -A x + qB z -pA z +C p -D,) = 0. J 
Our result is then as follows : 

If an element transformation (11), without being of the contact type, converts an 
infinitude of surfaces involving an arbitrary function into unions, then the pair of 
equations (13) will be in involution and hence relations (16) will hold. 

The type characterized by relations (16) is thus the nearest to the contact 
type, in the sense that it preserves the maximum number of unions, without 
preserving all. The manifold of surfaces is such that oo 1 pass through an 
arbitrarily selected curve. 

If any pair of equations of the second order possess more than oo * solutions, 
they will, according to standard theory, have oo °° solutions, and hence be in 
involution. In the case of our equations (13) we obtain a stronger result. We 
notice that the determinant formed from the first four columns of the matrix. (15) 
(that is, from the coefficients of the third derivatives in the set of four linear 
equations referred to above) vanishes identically.* The assumption of oc i common 
solutions requires that the four linear equations shall be consistent. In the present 
case this is impossible unless all the determinants in (15) vanish ; that is, the case 
of involution. Therefore : 



* This means that the equations (13) always have one set of characteristics in common. 
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If an element transformation converts oo i surfaces into unions, the equations (13) 
are necessarily in involution ; that is, oo °° surfaces are so converted. The trans- 
formation thus belongs to the type described in the preceding theorem (or else it is of 
the contact type). 

"We next consider transformations preserving a triply infinite system of 
unions. This type, which is of course more general than the preceding type, 
can be determined explicitly from general principles. We observe first that any 
oo 3 unions (surfaces, curves or points) may be converted into any other oo 3 unions 
by a contact transformation. In particular, any oo 3 unions may be converted 
into points. The most general element transformation which converts every 
point union into itself, is obviously of the form 

Xi = x, y x — y, z x = z, p x = P (x,y, z, p, q), q 1 = Q(x,y,z,p, q), (17) 

involving two arbitrary functions P and Q. Denote this infinite group by G, 
and let T lf T z denote any two contact transformations. Then 

T.GT, (18) 

converts the oo 3 unions which become points under I\ into the oo 3 unions which 
are obtained by applying T 2 to points. All transformations of the required type 
are included under the form (18). Remembering that a general contact trans- 
formation involves an arbitrary function of five arguments, we state our result 
as follows : 

All element transformations which preserve as many as oo 3 unions are included 
in the form T 1 TY 2 , where I\ , F 2 are arbitrary contact transformations, and T is 
any member of the group (17) which converts every point union into itself. The 
result involves four arbitrary functions of five arguments. 

Consider in particular the cases where the oo 3 unions are the points or the 
planes of space. If every point is to be converted into a union, equation (12) 
must be satisfied on substituting dx = dy = dz = 0. It follows that $ and e 
must vanish; that is, in the notation of (13'), A = 0, Z) = 0. On the other 
hand, if every plane is to become a union, our fundamental equation (13) must 
be satisfied when r = s = t = 0. The requisite conditions are C=0, Z> = 0. 
Eemembering that the vanishing of the quantities A, B, G, D is the criterion 
for a contact transformation, we derive this result: 

If a transformation of the surface elements of space converts both points and 
planes into unions, it must be a contact transformation. 
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This conclusion does not hold for two sets of co 3 unions selected at random. 
For it may happen that the two sets are part of a system of oo °° unions defined 
by a pair of equations (13) in involution, in which case there will exist trans- 
formations not of the contact type. Similar remarks apply, of course, to systems 
of unions involving four or more parameters. 

For certain systems, however, only contact transformations exist. Consider 
the eo * spheres. Their differential equations are 

pqr — (1 + p 2 )s = 0, (l+q*)s—pqt = 0. (19) 

If these are equivalent to a set of type (13), we must have J. = .B = C = Z> = 0; 
that is, a contact transformation. This result also follows directly from that 
stated above, since spheres include points and planes as limiting cases. Eecalling 
the equivalence of spheres and straight lines, we have: 

No element transformations beyond the contact type can convert every sphere, or 
every straight line, into a v/nion. 

In particular, the known fifteen-parameter group of sphere transformations 
includes all element transformations which turn spheres into spheres. 

We return to the consideration of equation (12), defining all unions which 
are preserved under (11). In the general case where the union (of oo 2 elements) 
is a surface, we obtain the partial differential equations (13). The case of a curve 
regarded as a union of go s elements may be treated as a limiting case of a surface. 
The direct treatment however is as follows : 

For the surface elements of a curve whose point equations are y = y (x), 

z=.z (x), we have 

p=zz' — qy 1 . (20) 

Substituting in (12), we obtain an identity in dx, dq giving two conditions 

a + (3y> + r z> + S(z»-qy») = 0, 1 

s-y'S = 0. i K J 

These equations are, on eliminating p by means of (20), to become identities in q. 
Usually no solutions will exist ; for certain element transformations there may 
be a triply infinite system of curves or even an infinitude involving an arbitrary 
function, in which case the family is defined by aMonge equation f(x,y,z,y',z') = 0. 
A detailed discussion is rendered unnecessary by observing that, to the curves 
turned into unions by any given transformation T correspond surfaces preserved 
by the related transformation B T, where B denotes polarity with respect to 
a quadric surface. 
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Summarizing our results, we have the following 

Theorem. With respect to the number of unions {of oo z elements) which are 
converted into unions, transformations of the surface elements of space may be classified 
as follows : 

Type 1 °. Contact transformations. All unions preserved. 

Type 2°. Transformations, other than of type 1° ', preserving oo °° unions. The 
unions are then defined by an involution system. 

Type 3°. Transformations, not of the previous types, preserving oo 3 unions. 

Type 4°. Transformations preserving fewer than oo 3 unions. The number 
may be oo z , oo 1 , a discrete number, or none at all, the last being the usual case. 

Type 1° is characterized by four conditions A = B = 0= D = 0, and thus 
involves one arbitrary function of five arguments. Type 2° is characterized by 
the two conditions (16), and depends on three arbitrary functions. Type 3°, 
represented explicitly by (18), involves four arbitrary functions. Type 4°, 
being the general case, involves five arbitrary functions.* 

We consider finally the effect of any transformation on one-dimensional 
unions. The general case of such a union consists of the oo x surface elements 
touching a given surface along a given curve, thus forming a strip. A special 
case arises when the oo * elements have a common point, thus enveloping a cone, 
which may in particular shrink to a line. The strips preserved must satisfy 
the equations 

a + Py' + yst + Stf + eq' = 0, p + qy' — z> = 0, (22) 

where y, z, p, q are considered as unknown functions of x. We easily derive 
the following results: 

The only transformations preserving all one-dimensional unions are the contact 
transformations. 

For an arbitrary element transformation, the number of strips preserved is oo" 1 , 
involving two arbitrary functions. 

IV. Elements of Higher Order. 

Confining our attention to the plane, we consider the general transformation 
of differential elements of the w-th order 

x = X(x, y, y>, .... , y<«>), y = T{x, y, y', . . . . , yW), "I 

y'^Y^y,^, ...., yW), ...., y™=Y n (x,y,yi, ....,yM). ) { ' 

* This remains true if we take only those transformations which do not preserve any unions. 
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The conditions for a union are 

dy = y 1 dx, dy' = y" dx, , cfa/ (n_1) = y (n) dx. 

If a curve is to be converted into a union, we find that it must satisfy the following 
n differential equations of the (n -f l)-th order: 

y<«+» = 6), (x, y,y', .... , y (n) ) (k= 1,2, . . .., n), (24) 

where 

dY k _ x _ y dX_ 

dx " dx . ,v 

a * = ar M _ 7 af (24) 

The equations (24) become identities only in the case of extended contact 
transformations. In general the equations will be inconsistent, so that no unions 
will be preserved. In intermediate types there may be <x> 3 curves, where j varies from 
1 to n + 1 inclusive. 

If a transformation (23) preserves more than oo n+1 unions, it must preserve 
all and hence be of the contact type. The type nearest to the contact type, 
preserving oo n+1 curves, may easily be determined explicitly in terms of three 
arbitrary functions. We note that with respect to the group (23) all differential 
equations of the (n + l)-th order are equivalent. 

Columbia University, New Tobk. 
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